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We calculated the optical conductivity σ(T,Ω) of a gas of Bogoliubov quasiparticles (BQP) from
their Green’s function and the Kubo formula. We compare with corresponding normal state (N) and
superconducting state (SC) results. The superconducting case includes the dynamic response of the
condensate through additional contributions to the Kubo formula involving the Gor’kov anomalous
Green’s function. The differences in the optical scattering rate are largest just above the optical gap
and become progressively smaller as the photon energy is increased or the temperature is raised. Our
results are compared with those obtained using a recently advocated phenomenological procedure
for eliminating the effect of the condensate.1 The δ-function contribution at zero photon energy,
proportional to the superfluid density, is dropped in the real part of the conductivity [σ1(T,Ω)]
and its Kramers-Kronig transform is subtracted from the imaginary part σ2(T,Ω). This results
in deviations from our BQP and superconducting state optical scattering rates even in the region
where these have merged and are, in addition, close to the normal state result.
PACS numbers: 74.25.nd, 74.20.-z, 74.25.fc
I. INTRODUCTION
Optical spectroscopy continues to find broad applica-
bility as a technique which reveals the dynamics of the
charge carriers in a great variety of materials. While
other methods such as angular resolved photo emis-
sion spectroscopy (ARPES) and scanning tunneling mi-
croscopy (STM) are surface probes, optics involves the
bulk. In superconducting materials the real part of the
complex dynamic longitudinal conductivity σsc(T,Ω), at
temperature T , contains combined information on the
absorption of photons of energy Ω from the Bogoliubov
quasiparticles (BQP) as well as from the condensate it-
self through the braking of Cooper pairs. An important
question raised recently is, how can these two contribu-
tions be separated and, in particular, the quasiparticle
contribution σbqp(T,Ω) isolated? This piece is directly
related to quasiparticle relaxation processes which are
fundamental. Specifically, it speaks to the inelastic scat-
tering processes involved.
This work was motivated, in part, by a recent attempt
by Dordevic et al.1 to separate out the quasiparticle con-
tribution to the optical conductivity [σsc(T,Ω)] from that
attributable directly to the superfluid. The phenomeno-
logical procedure advocated was to drop the Dirac delta-
function at zero photon energy (d.c.) which is propor-
tional to the superfluid density (ρs) and enters in the real
part of the optical conductivity. At the same time the
Kramers-Kronig transform of this contribution is to be
subtracted from the imaginary part of σsc(T,Ω). Their
aim was to extract directly from experimental optical
conductivity data in the superconducting state, informa-
tion on quasiparticle relaxation processes.
Here we will base our considerations on theoretical re-
sults obtained from Eliashberg theory which applies to an
isotropic conventional electron-phonon superconductor.
The dynamic longitudinal optical conductivity σsc(T,Ω)
of a superconductor as a function of temperature (T ) and
photon energy (Ω) can be computed from the knowl-
edge of the 2 × 2 Nambu matrix Green’s function2–4
(G) and the corresponding Kubo formula. The diago-
nal elements of the matrix G involve the quasiparticle
Green’s function or propagator G with corresponding
spectral density A(k, ω) where k is momentum and ω
energy. The Bogoliubov quasiparticles (BQP) are fully
described by A(k, ω), which can be measured directly in
angular resolved photo-emission experiments (ARPES).5
The question of the electrodynamics of the BQP gas is,
thus, well defined and follows from substituting A(k, ω)
into the usual Kubo formula for σ(T,Ω) which we de-
note as σbqp(T,Ω). The function A(k, ω) also determines
other properties of the BQP gas such as the quasiparticle
density of states, measured in scanning tunneling spec-
troscopy (STM),6 and the electronic specific heat.4 In
addition to terms involving the product of two spectral
densities A(k, ω), the formula for the dynamic optical
conductivity of the superconducting state further con-
tains products of two other spectral functions B(k, ω).
These relate to the off diagonal elements of G and are
the spectral functions for the Gor’kov anomalous Green’s
functions F . The F are related to the long range order
associated with Cooper pair formation. It is this sec-
ond contribution which makes σsc(T,Ω) different from
σbqp(T,Ω). In this paper we will be interested in com-
puting separately the electrodynamics of the BQP gas
and in comparing it to the electrodynamics of the su-
perconducting state as well as of the underlying normal
state.
One could consider many complications such as
the existence of anisotropy,7–9 a gap with d-wave
2symmetry,10 non-phonon boson exchange mechanisms
like spin fluctuations11–13 relevant to the cuprates and
iron-compounds, and energy dependence in the elec-
tronic density of states.14–16 Other issues are multi-
ple band effects,17–20 orbital fluctuations21 which have
become prominent in the iron superconductors, and
nematicity22,23 to name only a few. However, these
are not essential elements in the present context and it
will be sufficient here to mainly consider a conventional,
isotropic s-wave electron-phonon superconductor which
can be described by an isotropic electron-phonon inter-
action spectral density α2F (ω). Our aim is to compute
in this simplified model the theoretical properties of the
BQP gas and to compare these with superconducting and
normal state results. Of particular interest will be the
differences that exist between these quantities and the
circumstances under which they become comparable in
size and even merge. Certainly, at a few times the max-
imum phonon energy plus the optical gap we would not
expect large deviations between these quantities to exist.
Most of the results we will present here are based on
the electron-phonon interaction spectral density α2F (ω)
for Pb.4,24 This material is the prototype strong cou-
pling system with superconducting state properties that
deviate substantially from the universal values of weak
coupling BCS theory. To further test the general validity
of our results we also considered V3Si an A15 compound
which falls in the weak coupling limit and for which the
maximum phonon energy is 49meV in contrast to the
case of Pb which is particularly soft with ωmax = 11meV.
Modifications arising from d-wave gap symmetry will also
be briefly illustrated in the specific case of the cuprate
HgBa2CuO4+δ (Hg1201) based on the electron-boson in-
teraction spectrum I2χ(ω) determined by Yang et al.25
In Sec. II we present the formalism that is needed to
calculate the longitudinal dynamic optical conductivity
σ(T,Ω) of an electron-phonon system at any temperature
T and photon energy Ω. The formula involves solutions of
the Eliashberg equations for the renormalized frequencies
ω˜(T, ω) and the superconducting gap function ∆˜(T, ω).
These equations are a set of coupled integral equations
for ω˜(T, ω) and ∆˜(T, ω). The kernels in these equations
which define the material parameters that determine su-
perconductivity, involve the electron-phonon interaction
spectral density α2F (ω) and a Coulomb pseudo-potential
parameter µ⋆. For the convenience of the reader these
equations are discussed in Appendix B. They can be
determined in the clean limit and, later, an impurity
residual scattering rate 1/τimp will be introduced to deal
with additional elastic scattering. All inelastic scatter-
ing is fully included in our clean limit solutions of the
Eliashberg equations. The BQP spectral density A(k, ω)
and the associated Gor’kov B(k, ω) are constructed from
the renormalized frequencies ω˜(T, ω) and the gap func-
tion ∆˜(T, ω). The optical conductivity of the BQP gas
σbqp(T,Ω) follows from a knowledge of the A(k, ω) alone.
For σsc(T,Ω) the Gor’kov B(k, ω) also enter the Kubo
formula. Normal state results are obtained by setting the
gap function ∆˜(T, ω) ≡ 0 everywhere.
In Sec. III we present several relevant intermediate re-
sults which allow us to calculate the optical scattering
rate. This quantity which is related to the imaginary
part of the optical self-energy26 plays a dominant role in
the analysis of optical data. However, for the supercon-
ducting state its precise interpretation in terms of quasi-
particle relaxation remains controversial.1 We compare
results for the superconducting state, the BQP gas, the
normal state, and with equivalent results obtained from
the prescription considered in the work of Dordevic et
al.1 In Sec. IV we provide additional results for higher
temperatures and for the case when residual scattering
is included. The specific case of V3Si is contrasted with
Pb and the cuprate Hg1201 with a d-wave gap symmetry
is briefly discussed. Finally, Sec. V provides a discussion
and conclusions.
II. FORMALISM
In terms of the spectral density associated with the
quasiparticle Green’s function G (anomalous Gor’kov
Green’s function F ) denoted by A(k, ω) [by B(k, ω)] the
Kubo formula for the real part of the dynamic optical
conductivity in the superconducting state at tempera-
ture T and photon energy Ω reads:
Re{σsc(T,Ω)} =
e2
2Ω
∑
k
v2F (k)
∫
∞
−∞
dω
2π
[f(T, ω)− f(T, ω +Ω)]
× [A(k, ω)A(k, ω +Ω) +B(k, ω)B(k, ω +Ω)] , (1)
with e the charge on the electron, k the momentum,
vF (k) the Fermi velocity, and f(T, ω) the Fermi-Dirac
distribution function at temperature T . The first term
within the last set of square brackets, A(k, ω)A(k, ω +
Ω), defines the optical conductivity of the BQP gas
[σbqp(T,Ω)], while the second term, B(k, ω)B(k, ω +Ω),
is a direct additional contribution to Re{σsc(T,Ω)} from
the condensate and is not a part of the conductivity of
a BQP gas. The A(k, ω) are determined by the renor-
malized frequencies ω˜(T, ω) and gap functions ∆˜(T, ω)
and, thus, know about the condensate. Consequently,
the electrodynamics of the BQP gas is an unambiguous
3concept and follows from retaining only the first term in
the last line of Eq. (1).
After considerable algebra4,27 the superconducting
state complex optical conductivity of an electron-phonon
metal can be reduced to a convenient form for numerical
calculations. A particularly compact form given in the
literature is:28
σsc(T,Ω) =
Ω2p
4π
i
Ω
∫
∞
0
dω tanh
(
βω
2
)
[J(ω,Ω)− J(−ω,Ω)] , (2)
with Ωp the plasma frequency, β = 1/(kBT ), and
2J(ω,Ω) =
1−N(ω)N(ω +Ω)− P (ω)P (ω +Ω)
E(ω) + E(ω +Ω)
+
1 +N⋆(ω)N(ω +Ω) + P ⋆(ω)P (ω +Ω)
E⋆(ω)− E(ω +Ω)
, (3)
where ⋆ indicates the complex conjugate. Equation (2)
gives both, the real and imaginary part of the dynamic
conductivity. Here
E(ω) =
√
ω˜2(T, ω + 0+)− ∆˜2(T, ω + i0+),
E(−ω) = −E⋆(ω). (4)
By definition
N(ω) =
ω˜(T, ω + i0+)
E(ω)
, (5)
and
P (ω) =
∆˜(T, ω + i0+)
E(ω)
, (6)
with ω˜(T, ω + i0+) and ∆˜(T, ω + i0+) the renormalized
frequency and gap function determined from Eqs. (B1)
and (B3). These follow in the usual way from the knowl-
edge of the electron-phonon interaction spectral density
α2F (ω) associated with a particular material and the
Coulomb repulsion parameter µ⋆. Here we will use the
known spectrum of Pb in most of our calculations.4,24
The conductivity of the BQP gas follows from the same
Eqs. (2) and (3) but with all P (ω) terms left out.
When considering the optical properties of supercon-
ductors it has become common to introduce the concept
of an optical self-energy or memory function26
M(T,Ω) = Ω
[
m⋆opt(T,Ω)
mb
− 1
]
+
i
τopt
, (7)
with σ(T,Ω) related to M(T,Ω) such that
1
τopt(T,Ω)
=
Ω2p
4π
Re
{
1
σ(T,Ω)
}
≡
Ω2p
4π
σ1(T,Ω)
σ21(T,Ω) + σ
2
2(T,Ω)
, (8)
and
m⋆opt(T,Ω)
mb
=
Ω2p
4π
1
Ω
Im
{
1
σ(T,Ω)
}
≡
Ω2p
4π
1
Ω
σ2(T,Ω)
σ21(T,Ω) + σ
2
2(T,Ω)
. (9)
Here σ1(T,Ω) and σ2(T,Ω) are the real and imaginary
part of the complex optical conductivity σ(T,Ω), respec-
tively, and mb is the band mass. The scattering rate
1/τopt(T,Ω) of Eq. (8), which is our primary interest in
this paper, is referred to as an optical scattering rate
while the effective mass m⋆opt(T,Ω) of Eq. (9), which we
will not consider, is an optical effective mass. We will be
interested only in finite photon energies Ω + 0+. Thus,
we exclude here the Dirac delta-function which appears
at Ω = 0 in σsc1 (T,Ω) and which is proportional to the
superfluid density ρs. This conforms with the literature.
We consider four possible cases and compare these
with each other, namely, the superconducting state (sc),
the Bogoliubov quasiparticle gas (bqp), the normal state
(n), and results based on a phenomenological procedure
aimed to extract quasiparticle scattering rates from su-
perconducting state optical data (sc-m). The suggestion
by Dordevic et al.1 is to take for the real part of the
conductivity
σsc−m1 (T,Ω) = σ
sc
1 (T,Ω)− ρsδ(Ω), (10)
and for the imaginary part their model conductivity
σsc−m2 (T,Ω) = σ
sc
2 (T,Ω)−
ρs
Ω
. (11)
These two equations are their equations (5) and (6) where
ρs/Ω is the Kramers-Kronig transform of ρsδ(Ω). We will
denote the corresponding optical scattering rate resulting
from σsc−m(T,Ω) and Eq. (8) by τsc−mopt (T,Ω).
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FIG. 1. (Color online) The imaginary part σ2(T,Ω) of the
optical conductivity in units of Ω2p/(4pi) as a function of the
photon energy Ω. The temperature is T = 0.5K and the Pb
electron-phonon spectral density was used with a supercon-
ducting critical temperature Tc = 7.2K. The solid (red) curve
is for the superconducting state (sc). The dotted (green)
curve presents the case when σ2(T, ω) is modified according
to the prescription of Dordevic et al.1 (sc-m). Finally, the
dashed-dotted (blue) curve presents the result for the Bogoli-
ubov quasiparticles (bqp).
III. RESULTS AT LOW TEMPERATURE BUT
WITH ONLY INELASTIC SCATTERING
In Fig. 1 we present results for the imaginary part of
σ(T,Ω) in three cases. The solid (red) curve is the su-
perconducting case based on the electron-phonon inter-
action spectral function α2F (ω) of Pb24 and our Eqs. (2)
and (3) for the optical conductivity with the impurity
scattering rate 1/τimp = 0. Thus, we are consider-
ing the clean limit and only inelastic scattering is in-
volved. The dashed-dotted (blue) curve is obtained from
Eqs. (2) and (3) but including only BQP contributions,
i.e. P (Ω) is formally set equal to zero in Eq. (3) while all
other quantities remain unchanged. First, note that the
main differences between these two results are confined
to the photon energies up to ∼ 20meV or about seven
times the optical gap 2∆0 ≃ 2.8meV. Beyond this the
two curves have merged. For the superconducting case,
σsc2 (T,Ω) goes to infinity as Ω tends to zero such that
the limΩ→0 Ωσ
sc
2 (T,Ω) = ρsΩ
2
p/(4π). This limit provides
a measure of the superfluid density ρs. For the BQP
gas and the model of Dordevic et al.1 there is, of course,
no superfluid density. It is very important for what will
come later to note that for the BQP gas σbqp2 (T,Ω) has
a zero-crossing below the optical gap. This does not oc-
cur in the superconducting state. This zero will have
serious manifestations when we raise the temperature
as we will in Sec. IV. The dotted (green) curve gives
σsc−m2 (T,Ω) obtained from Eq. (11) according to the sug-
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FIG. 2. (Color online) The real part σ1(T,Ω) of the optical
conductivity in units of Ω2p/(4pi) as a function of the photon
energy Ω. The temperature is T = 0.5K and the Pb electron-
phonon spectral density was used. The solid (red) curve
presents the result for the superconducting state (sc) and the
dashed-dotted (blue) curve is for the Bogoliubov quasiparticle
gas (bqp).
gestion of Dordevic et al.1 We see that it differs from the
other two curves at all photon energies and, in particular,
does not merge with the solid (red) and dashed-dotted
(blue) curves even at the highest energy considered here
(∼ 50meV), where it is smaller by more than a factor of
two. This has important implications for the behavior of
the optical scattering rate. To understand why this is so
we need to also consider the real part of the optical con-
ductivity for these three cases. This is shown in Fig. 2.
Only two curves are considered because σ1(T,Ω) is the
same for the sc and sc-m cases. The solid (red) curve
applies to the superconducting state while the dashed-
dotted (blue) curve is for the BQP gas. Optical ab-
sorption starts at the finite photon energy Ω = 2∆0 ≃
2.8meV because in both cases the quasiparticle excita-
tion spectrum is gaped. Just above the optical gap the
two responses show distinct behavior. The dashed-dotted
(blue) curve for BQP has an inverse square root singular-
ity associated with the onset of optical absorption while
the solid (red) curve for the superconducting state, by
contrast, rises slowly out of zero. In Appendix A we cal-
culate the real part of the optical conductivity of a BQP
gas in the clean limit of BCS theory. In this limit the
spectral functions in Eq. (1) are Dirac delta-functions
and the integrals can be done analytically. For the BQP
case only the A(k, ω)A(k, ω+Ω) term appears. It results
in two distinct contributions. An intraband and an in-
terband piece. The intraband part does not contribute
at T = 0 as there is zero optical spectral weight in this
Drude-like term in the clean limit. The interband contri-
5bution has the form (A6) (see Appendix A)
Re{σbqpinter(T = 0,Ω)} ∝
Λ
Ω2
∆2√
Ω2 − (2∆2)
, for Ω > 2∆,
(12)
which we repeat here for the convenience of the reader.
This inverse square root singularity is clearly seen in
the dashed-dotted (blue) curve of Fig. 2. As we in-
cluded inelastic scattering in our calculations, Eq. (12)
is superimposed on a phonon assisted background. This
background extends to large energies while the clean
limit type contribution (12) is confined mainly to the
region Ω = 2∆ to 4∆. In contrast, the solid (red)
curve for the superconducting state shows no interband
divergence. This is traced to the fact that when the
A(k, ω)A(k, ω + Ω) and B(k, ω)B(k, ω + Ω) in Eq. (1)
are both included, the interband pieces cancel. (Class
II matrix elements.) Consequently, only the phonon as-
sisted processes are seen in the solid (red) curve. There is
a phonon kink (a dip) in both (bqp) and (sc) curves at an
energy which corresponds to the end of the phonon spec-
trum plus the optical gap. which falls around ∼ 13meV.
In the region beyond this energy the two curves of Fig. 2
show some deviations (never large) from each other but
at ∼ 25meV, or ∼ 8 times the optical gap, they merge.
It is important to understand that the interband tran-
sitions involved in Eq. (12) have nothing to do with re-
laxation processes but rather have mainly to do with the
electronic band structure of the BQP gas, and exist even
when no scattering is accounted for. Of course, the high
energy part of the curves reflects the inelastic scattering
and this region does carry information on relaxation pro-
cesses which is our primary interest in this work. In the
paper by Dordevic et al.1 the real part of the quasiparticle
conductivity defined in Eq. (10) is that given by the solid
(red) curve of Fig. 2. Thus, in all three cases of interest
σ1(T,Ω) is the same at high energies. (Ω ≥ 25meV).
However, as we have seen in Fig. 1 only the supercon-
ducting state and BQP case merge when we consider the
imaginary part of the optical conductivity σ2(T,Ω) while
the modified case of Dordevic et al.1 strongly deviates.
This implies similar differences for the optical scattering
rate defined in Eq. (8) as is seen in Fig. 3. Staying for
now with the high energy region we note, as expected,
that the solid (red) and the dashed-dotted (blue) curves
match perfectly while the dotted (green) curve for the
modified superconducting case is larger than the other
two by a factor of two. This can be understood entirely
from the fact that σsc−m2 (T,Ω) is much smaller in this en-
ergy range than is σsc2 (T,Ω) or σ
bqp
2 (T,Ω). We included
in Fig. 3, for reference, normal state results as the dashed
(black) curve. It agrees well with the superconducting
state and the BQP gas but not with the dotted (green)
curve which we will, therefore, not discuss further here
because it does not conform to our expectation that at
large Ω the presence of a gap in the quasiparticle excita-
tion spectrum should no longer matter.
The deviations between the remaining three curves are
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FIG. 3. (Color online) The optical scattering rate 1/τopt(T,Ω)
which is related to the optical self-energy as a function of the
photon energy Ω. The temperature is T = 0.5K and the Pb
electron-phonon spectral density was used. The solid (red)
curve is the superconducting state result (sc). The dotted
(green) is for the superconducting state modified according
to the prescription of Dordevic et al.1 (sc-m). The dashed-
dotted (blue) curve presents the result for the Bogoliubov
quasiparticle gas (bqp) and the dashed (black) curve applies
to the normal state (n).
in fact rather small at all energies except for two fea-
tures. First, the solid (red) curve for the superconduct-
ing state shows a peak in the phonon assisted region be-
tween ∼ 10meV to ∼ 20meV which is not part of the
other two curves. The deviations are of the order of 20%.
Second, at energies below ∼ 6meV the solid (red) curve
rapidly goes to zero while the dashed-dotted (blue) curve
shows a plateau before it eventually drops to zero. This
plateau has its origin in the interband transitions. These
are shown in Fig. 2 as a large prominent peak between,
roughly, the energies 2∆(T ) and 4∆(T ). Returning to
Fig. 3, below the optical gap the normal state dashed
(black) curve is, of course, non-zero as there is no gap in
this case.
IV. FINITE TEMPERATURE AND IMPURITY
SCATTERING
In this section the temperature was chosen to be large
enough to expect results different from the T = 0.5K
case which is basically the zero temperature limit. In
particular, we chose T = 5K or T/Tc ≃ 0.69. This re-
mains within the superconducting state but is sufficiently
high that the optical gap is reduced from its T = 0 value
of 2.8meV to 2.4meV. Results for the real part of the
optical conductivity are presented in Fig. 4. The dashed-
dotted (blue) curve is for the BQP gas and the solid (red)
curve is for the superconducting state. The change in the
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FIG. 4. (Color online) Same as Fig. 2 but now the tempera-
ture was raised to T = 5K. The Pb electron-phonon spectral
density was used. The solid (red) curve applies to the super-
conducting state (sc) and the dashed-dotted (blue) curve to
the Bogoliubov quasiparticle gas (bqp).
superconducting gap is most clearly seen in the dashed-
dotted (blue) curve when compared with the equivalent
curve of Fig. 2. There is now finite absorption at all Ω
below the gap due to the existence of a small number
of thermally excited quasiparticles at this elevated tem-
perature, in contrast to the T = 0 case for which the
real part (absorptive part) of the optical conductivity is
zero below the optical gap. The phonon region above
the optical gap is, in contrast, not changed much from
T = 0.5K.
Results for the optical scattering rate are presented
in Fig. 5. The three curves are 1/τscopt(T,Ω), supercon-
ducting state [solid (red) curve], 1/τbqpopt (T,Ω), BQP gas
[dashed-dotted (blue) curve], and 1/τnopt(T,Ω), normal
state [dashed (black) curve]. These results are not very
different from those of Fig. 3, normal state and BQP gas
remain close above 6meV. The superconducting state
retains its peak in the range of 10 to 20meV and the
plateau just above the optical gap in the dashed-dotted
(blue) curve remains as well. There is, however, a strik-
ing difference. A sharp peak has developed below the
optical gap at Ω0 ≃ 2meV. This is exactly the energy
at which σbqp2 (T,Ω0) crosses zero. But, as seen in Fig. 4,
σbqp1 (T,Ω0) is non-zero at this crossing and this is the ori-
gin of the peak seen in τbqpopt (T,Ω0). As we have shown,
σbqp2 (T,Ω) also has a zero-crossing (Fig. 1) at T = 0.5K.
This zero-crossing has no measurable consequences in the
optical scattering rate however, because σbqp1 (T ≈ 0,Ω)
is zero below the optical gap in this case.
So far we did not include in our work static elastic
residual impurity scattering, rather only inelastic scat-
tering was considered. Eqs. (2) and (3) for the optical
conductivity were written with a i/τimp term and we now
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FIG. 5. (Color online) The same as Fig. 3 for the optical scat-
tering rate 1/τopt(T,Ω) but now for T = 5K. The solid (red)
curve applies to the superconducting state (sc), the dashed-
dotted (blue) curve to the Bogoliubov quasiparticle gas (bqp),
and the dashed (black) curve to the normal state (n).
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FIG. 6. (Color online) The same as Fig. 2 for the real part of
the optical conductivity, But now elastic impurity scattering
with 1/τimp = 6.28meV is included. The scale on the vertical
axis has been adjusted to make clear the Drude-like contribu-
tion seen (as a peak) just above the optical gap. This peak is
not there when 1/τimp = 0, i.e. in the clean limit of inelastic
scattering only. The solid (red) curve applies to the super-
conducting state (sc), the dashed-dotted (blue) curve to the
Bogoliubov quasiparticle gas (bqp), and the dashed (black)
curve to the normal state (n).
set 1/τimp = 6.28meV in Eqs. (B3) for illustrative pur-
poses. This affects both the real and imaginary part of
the optical conductivity. In Fig. 6 we present results for
the real part of the optical conductivity in the supercon-
ducting state. The solid (red) curve has now acquired
a sharp peak just above the optical gap which was not
7there in Fig. 2 for the pure case (1/τimp = 0). This peak
is what remains when the Drude peak of the normal state
shown as the the dashed (black) curve is cut off by the
optical gap. In BCS theory this would be the only con-
tribution to the optical conductivity. Here, the inelastic
scattering provides additional absorption at higher en-
ergies. When 1/τimp = 0 this is the only contribution
that remains. The Drude peak about Ω = 0 comes from
the coherent part of the quasiparticle Green’s function
G. At zero temperature and with no elastic scattering
this contribution collapsed into a Dirac delta-function at
the origin and, consequently, is not seen in Fig. 2. It
contains approximately 1/(1 + λ) of the optical spectral
weight, where λ is the electron-phonon mass enhance-
ment parameter. This contribution broadens out into a
Drude peak when 1/τimp is non-zero. To a good approxi-
mation this part of the normal state optical response can
be written at T = 0 as4
σDrude1 (T,Ω) =
Ω2p
4π
Γ/(1 + λ)
Ω2 + [Γ/(1 + λ)]2
1
1 + λ
, (13)
with Γ ≡ 1/τimp. In the superconducting state this gets
gaped with loss optical spectral weight transferred to the
condensate. The phonon assisted processes (incoherent
part) provide an additional contribution which contains
the remaining optical spectral weight approximately pro-
portional to λ/(1 + λ) and these are the only processes
that show up at finite photon energies in Fig. 2 (pure
case). Comparing the real part of the optical conduc-
tivity for the BQP gas σbqp1 (T ≈ 0,Ω) [dashed-dotted
(blue) curve] with impurities to its value in the clean
limit shown in Fig. 2, we note that the interband peak
just above the optical gap has been broadened. Also the
secondary peak just below 10meV in Fig. 2 has been
modified to a shoulder.
The truncated Drude peak in the solid (red) curve of
Fig. 6 also shows up as a peak in the optical scattering
rate of Fig. 7 immediately above the optical gap. The
normal state 1/τnopt(T,Ω) [dashed (black) curve], how-
ever, has no optical gap and, consequently, no peak.
However, it is finite at Ω = 0 and equal to the residual
scattering rate. In general, it is the sum of 1/τimp plus
the inelastic contribution of the previous section (pure
case). At low photon energies the curve is flat and equal
to 1/τimp because the inelastic contributions start from
zero at Ω = 0 and remain small. In the other two curves
we see that the absorption edge at Ω = 2∆(T ) has ef-
fectively sharpened, as compared with the pure case of
Fig. 3, showing an initial vertical rise out of zero. At high
energies the solid (red) curve, the dashed-dotted (blue)
curve, and the dashed (black) curve merge. BQP and
normal state curves are in fact close to each other at all
photon energies above the optical gap. As before the su-
perconducting case shows a peak in the phonon assisted
region which is not part of the other two cases.
In Fig. 8 we present additional results based on the
electron-phonon interaction spectral density if V3Si.
29
(See inset.) In contrast to Pb, this material is close to
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FIG. 7. (Color online) The same as Fig. 3 for the optical scat-
tering rate 1/τopt(T, ω) including elastic impurity scattering
1/τimp = 6.28meV. The solid (red) curve applies to the super-
conducting state (sc), the dashed-dotted (blue) curve to the
Bogoliubov quasiparticle gas (bqp), and the dashed (black)
curve to the normal state (n).
the weak coupling limit and also has a large maximum
phonon energy of ωmax = 49meV. The superconduct-
ing gap at 2K is ∆0 = 2.9meV. The impurity scatter-
ing was taken to be 1/τimp = 1meV which remains in
the clean limit, i.e. ∆0τimp > 1 to be compared with
the results presented in Fig. 7 for Pb where the dirty
limit applies, i.e. ∆0τimp ≪ 1 with ∆0 = 1.4meV and
1/τimp = 6.3meV. In the clean limit of Fig. 8 the rise
in 1/τsc(T,Ω) [solid (red) curve] at the optical gap is
small as compared to that in Fig. 7 because most of the
Drude peak is now below the gap. For the BQP case
[dashed-dotted (blue) curve] there is a sharp rise and a
peak followed by a plateau which extends to approxi-
mately 20meV before it starts to rise and crosses below
1/τsc(T,Ω) around 35meV after which the two curves
are never far apart. Except for a scale difference related
to ωmax these results are very similar to those of Pb. The
physics is the same for weak or strong coupling and small
or large maximum phonon energies ωmax.
In Fig. 9 we present a last set of results that illus-
trate the effect of d-wave gap symmetry on the BQP op-
tical scatterin rate. The calculations are based on the
electron-boson interaction spectral density I2χ(ω) (see
inset) obtained in the work by Yang et al. for Hg1201.25
To arrive at these results the Eliashberg equations of Ap-
pendix B had to be generalized to include gap anisotropy.
These are found in Ref. 30 along with the appropri-
ate generalizations of Eqs. (2) and (3). Comparison of
these results with those of Fig. 8 reveals the same qual-
itative behaviour except that the gap is distributed be-
tween Ω = 0 to Ω = 2∆(T ) = 19.5meV in accordance
to dx2−y2 gap symmetry. The plateau above the gap
remains and beyond Ω ≃ 90meV 1/τbqpopt (T,Ω) becomes
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FIG. 8. (Color online) The same as Fig. 7 (which was for Pb)
but now the V3Si electron-phonon interaction spectral density
was used with an impurity scattering of 1/τimp = 1meV. The
critical temperature Tc = 17.1K, the temperature T = 2K,
and the gap ∆0 = 2.9meV. The solid (red) curve applies
to the superconducting state (sc), the dashed-dotted (blue)
curve to the Bogoliubov quasiparticle gas (bqp), and the
dashed (black) curve to the normal state (n). The inset gives
α2F (ω) for V3Si.
29 The essential difference with Pb is that
here the spectrum extends to 49meV rather than ∼ 11meV.
close to 1/τscopt(T,Ω) and 1/τ
n
opt(T,Ω). The results pre-
sented are based on the optical conductivity within the
CuO plane (ab-plane).
V. CONCLUSIONS
We calculated the optical conductivity σsc(T,Ω) (su-
perconducting state) and σbqp(T,Ω) (BQP gas) and com-
pared the two. Of particular interest in such a compar-
ison was the derived optical scattering rate which corre-
sponds to the imaginary part of the optical self-energy.
This optical constant was often highlighted in the ex-
perimental literature because it provided information on
quasiparticle relaxation. What was directly accessible in
experiment was the superconducting state optical scat-
tering rate 1/τscopt(T,Ω) while it was the BQP gas scat-
tering rate 1/τbqpopt (T,Ω) which was more directly inter-
pretable. Thus, the question arose as to how similar or
different these two rates were. This was recognized in a
recent paper by Dordevic et al.1 who attempted to factor
out of the superconducting state optical data, the direct
effect of the superfluid condensate and so access intrin-
sic quasiparticle properties. To accomplish this they ad-
vocated subtracting first from the imaginary part of the
superconducting state optical conductivity, σsc2 (T,Ω) the
Kramers-Kronig transform of the superfluid density ρs
which appears in the real part of σsc(T,Ω) as a Dirac
delta-function at Ω = 0 of weight ρs. After this mod-
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FIG. 9. (Color online) The same as Fig. 8 but now the
electron-boson interaction spectral density I2χ(ω) (see inset)
obtained by Yang et al.25 for Hg1201 is used and the gap is
taken to have dx2−y2 symmetry which is apptopriate for the
cuprates. The Tc = 90K, the temperature T = 20K, the
elastic impurity scattering is 1/tauimp = 1meV, and the gap
is ∆0 = 19.5meV. The solid (red) curve applies to the super-
conducting state (sc), the dashed-dotted (blue) curve to the
Bogoliubov quasiparticle gas (bqp), and the dashed (black)
curve to the normal state (n).
ification the optical scattering rate which we denoted
1/τsc−mopt (T,Ω) was computed. First, at photon energies
twice the maximum phonon energy plus the optical gap
energy (of the order of 26meV for Pb) we found that
superconducting and BQP gas scattering rates agree to
within a few percent as we might have expected. In con-
trast, the sc-m case predicted that the scattering rate
was larger by almost a factor of two in this energy re-
gion. Second, when we compared with the optical scat-
tering rate 1/τnopt(T,Ω) obtained for the normal state, we
find good agreement with the superconducting state and
with 1/τbqpopt (T,Ω). This demonstrated that in this energy
range the superconducting optical scattering rate, as has
been widely defined in the literature, indeed provided a
reliable measure of relaxation in both normal and BQP
gas. This was not surprising since at these energies the
superconducting gap is small as compared with the total
energy involved.
In the phonon assisted energy region between 10 and
20meV (in the specific case of Pb) a broad peak appeared
in the optical scattering rate of the superconducting state
which was not seen in either the normal state or the BQP
gas. This translated into deviations of∼ 20%, still rather
modest. We also found that, at finite temperature, a
sharp peak developed in the optical scattering rate of the
BQP gas below the optical gap. Such a peak was neither
present in the superconducting nor in the normal state.
It was traced to a zero crossing of the imaginary part of
9the BQP gas’ optical conductivity. It is a signature of
this crossing and is not directly related to a relaxation
rate. Furthermore, from the optical gap energy to ap-
proximately twice this energy the BQP optical scattering
rate had a plateau which was traced back to the interband
transitions present in this case, even in the clean limit.
However, above ∼ 6meV [∼ 4∆(T )] we found that when
1/τbqpopt (T,Ω) was compared with 1/τ
n
opt(T,Ω) the agree-
ment was almost as good as it was at high energies. Thus,
normal state and BQP gas optical scattering rates were
close to each other in the entire range of photon ener-
gies above twice the optical gap. This central conclusion
remains true when finite residual scattering due to dis-
order is introduced, when the temperature is increased,
when we go from strong coupling Pb with a soft phonon
spectrum to weak coupling V3Si with a large maximum
phonon energy of ∼ 50meV, and when gap anisotropy is
considered. The specific example provided is for Hg1201,
a cuprate with d-wave gap symmetry.
Appendix A
At zero temperature the real part of the dynamic opti-
cal conductivity associated with the BQP gas is given by
Eq. (1) with only the A(k, ω)A(k, ω+Ω) term contained
in the last square bracket. We get
Re{σbqp(T = 0,Ω)} =
e2
2Ω
v2FN(0)
∫
∞
−∞
dǫ
∫ 0
−Ω
dωA(k, ω)A(k, ω +Ω). (A1)
Here, N(0) is the normal state electronic density of states
associated with energies ǫ ≡ ǫk taken at the chemical
potential µ which we set to zero. In the BCS clean limit,
i.e. no residual scattering and zero inelastic contribution,
the spectral density A(k, ω) reduces to two Dirac delta-
functions of the form:
A(ǫk, ω) = u
2
kδ(ω − ǫk) + v
2
kδ(ω + ǫk), (A2)
with
u2
k
=
1
2
(
1 +
ǫk
Ek
)
v2k =
1
2
(
1−
ǫk
Ek
)
, (A3)
where
Ek =
√
ǫ2
k
+∆2. (A4)
Here ∆ is the BCS gap and 2∆ is the corresponding op-
tical gap.
Substituting Eq. (A2) for A(k, ω) in Eq. (A1) leads to
an intraband and an interband contribution. The first is
proportional to δ(Ω) while the second contribution has
a δ(2ω + Ω) factor. Specifically, we get, setting Λ ≡
e2v2FN(0)/2:
Re{σbqpintra(T = 0,Ω)} ∝
Λ
Ω
δ(Ω)
∫
∞
−∞
dǫ
∫ 0
−Ω
dω
[
u4kδ(ω − Ek) + v
4
kδ(ω + Ek)
]
,
Re{σbqpinter(T = 0,Ω)} ∝
Λ
Ω
∫
∞
−∞
dǫ
∫ 0
−Ω
dω δ(2ω +Ω)u2
k
v2
k
[δ(ω − Ek) + δ(ω + Ek)] . (A5)
The first term, Re{σbqpintra} involves intraband optical
transitions and the second, Re{σbqpinter}, interband tran-
sitions. In each term, the Dirac delta-function δ(ω−Ek)
never clicks in the range of integration for ω and we are
left with a single contribution involving only δ(ω + Ek).
The interband contribution works out to be
Re{σbqpinter(T = 0,Ω)} ∝
Λ
Ω2
∆√
Ω2 − (2∆)2
, (A6)
for Ω > 2∆ and zero for Ω < 2∆. The intraband con-
tribution is zero as we expect at T = 0. The interband
transitions are seen in the dashed-dotted (blue) curve
of Fig. 2. On the other hand, to get the real part of
the dynamic optical conductivity in the superconducting
state we need to include the B(k, ω)B(k, ω +Ω) term of
Eq. (1) and this leads to a complete cancellation of the
interband transitions, a well known effect for class II ma-
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FIG. 10. (Color online) The BCS real part of the optical
conductivity σ1(T,Ω) at T = 0.1K and with elastic impu-
rity scattering 1/τimp = 0.63meV. The superconducting gap
∆(0) = 1.4meV. The solid (red) curve applies to the super-
conducting state (sc), the dashed-dotted (blue) curve to the
Bogoliubov quasiparticle gas (bqp), and the dashed (black)
curve to the normal state (n).
trix elements. As seen in the solid (red) curve of Fig. 10
σsc1 (T,Ω) does not show an inverse square root singular-
ity at Ω = 2∆ but rather starts from zero at that point.
This behavior is different from that of the dashed-dotted
(blue) curve for the BQP gas and, of course, from the
normal state response [dashed (black) curve].
Appendix B
It is most convenient to solve the Eliashberg equations
as two coupled non-linear equations in an imaginary axis
representation:29
∆˜(T, iωn) = πT
∑
m
[λ(iωn − iωm)− µ
⋆]
∆˜(T, iωm)√
ω˜2(T, iωm) + ∆˜2(T, iωm)
, (B1a)
and
ω˜(T, iωn) = ωn + πT
∑
m
λ(iωn − iωm)
ω˜(T, iωm)√
ω˜2(T, iωm) + ∆˜2(T, iωm)
. (B1b)
Here, T is the temperature, µ⋆ is the Coulomb pseudo-
potential, ωn = πT (2n + 1), n = 0,±1,±2, . . . the Mat-
subara frequencies, and λ(iωn − iωm) is given by:
λ(iωn − iωm) = 2
∫
∞
0
dΩ
Ωα2F (Ω)
Ω2 + (ωn − ωm)2
. (B2)
Eqs. (B1) are valid for any amount of electron-impurity
scattering as this contribution cancels in these equations.
This set of equations can be used to calculate thermody-
namic properties, the penetration depth, etc.
If one wants to determine response functions, like
the optical conductivity, the renormalized frequencies
ω˜(T, ω) and the gap function ∆˜(T, ω) are required. These
are obtained from Eqs. (B1) by analytic continuation us-
ing an algorithm developed by F. Marsiglio et al.31 and
are denoted by ω˜clean(T, ω) and ∆˜clean(T, ω). If electron-
impurity scattering described by an impurity scattering
rate 1/τimp is present, one has to perform, in addition,
the following renormalization:32
ω˜(T, ω) = ω˜clean(T, ω) +
i
2τimp
ω˜(T, ω)√
ω˜2(T, ω)− ∆˜2(ω)
,
(B3a)
and
∆˜(T, ω) = ∆˜clean(T, ω) +
i
2τimp
∆˜(T, ω)√
ω˜2(T, ω)− ∆˜2(T, ω)
,
(B3b)
which have to be solved self consistently. The functions
ω˜(T, ω) and ∆˜(T, ω) [either in the clean limit or renor-
malized according to Eqs. (B3)] are then used in Eqs. (4)
to (6) to determine the optical conductivity from Eq. (2).
ACKNOWLEDGMENTS
Research supported in part by the Natural Sciences
and Engineering Research Council of Canada (NSERC)
11
and by the Canadian Institute for Advanced Research (CIFAR). We thank E. J. Nicol for assistance with our
Eliashberg programs.
∗ schachinger@itp.tu-graz.ac.at
1 S. V. Dordevic, D. van der Marel, and C. C. Homes, Phys.
Rev. B 90, 174508 (2014).
2 S. B. Nam, Phys. Rev. 156, 470 (1967).
3 S. B. Nam, Phys. Rev. 156, 487 (1967).
4 F. Marsiglio and J. P. Carbotte, in Superconductivity in
Conventional and Unconventional Superconductors, edited
by K. H. Bennemann and J. B. Ketterson (Springer, 2008),
pp. 73–162.
5 A. Damascelli, Z. Hussain, and Z.-X. Shen, Rev. Mod.
Phys. 75, 473 (2003).
6 O. Fischer, M. Kugler, I. Maggio-Aprile, C. Berthod, and
C. Renner, Rev. Mod. Phys. 79, 353 (2007).
7 H. K. Leung, J. P. Carbotte, D. W. Taylor, and C. R.
Leavens, Can. J. Phys. 54, 1585 (1976).
8 C. O’Donovan and J. P. Carbotte, Physica C 252, 87
(1995).
9 C. O’Donovan and J. P. Carbotte, Phys. Rev. B 52, 16208
(1995).
10 J. P. Carbotte, C. Jiang, D. N. Basov, and T. Timusk,
Phys. Rev. B 51, 11798 (1995).
11 D. N. Basov and T. Timusk, Rev. Mod. Phys. 77, 721
(2005).
12 J. P. Carbotte, T. Timusk, and J. Hwang, Reports on
Progress in Physics 74, 066501 (2011).
13 M. P. Allan, K. Lee, J. S. Ross, A. W. M. H. Fischer,
F. Massee, K. Kihou, C.-H. Lee, A. Iyo, H. Eisaki, T.-M.
Chuang, et al., Nature Physics 11, 177 (2015).
14 B. Mitrovic´ and J. P. Carbotte, Can. Journ. Physics 61,
784 (1983).
15 D. A. Papaconstantopoulos, B. M. Klein, M. J. Mehl, and
W. E. Pickett, Phys. Rev. B 91, 184511 (2015).
16 J. A. Flores-Livas, A. Sanna, and E. K. Gross, Eur. Phys.
J. B 89, 63 (2016).
17 I. Mazin and J. Schmalian, Physica C: Superconductivity
469, 614 (2009).
18 J. Paglione and R. L. Greene, Nature Physics 6, 645
(2010).
19 D. N. Basov and A. V. Chubukov, Nature Physics 7, 272
(2011).
20 A. Chubukov and P. Hirschfeld, Physics Today 68, 46
(2015).
21 H. Kontani and S. Onari, Phys. Rev. Lett. 104, 157001
(2010).
22 M. Vojta, Advances in Physics 58, 699 (2009).
23 M. J. Lawler, K. Fujita, J. Lee, A. R. Schmidt, Y. Kohsaka,
C. K. Kim, H. Eisaki, S. Uchida, J. C. Davis, J. P. Sethna,
et al., Nature (London) 466, 347 (2010).
24 W. L. McMillan and J. M. Rowell, Phys. Rev. Lett. 14,
108 (1965).
25 J. Yang, J. Hwang, E. Schachinger, J. P. Carbotte, R. P.
S. M. Lobo, D. Colson, A. Forget, and T. Timusk, Phys.
Rev. Lett. 102, 027003 (2009).
26 W. Go¨tze and P. Wo¨lfle, Phys. Rev. B 6, 1226 (1972).
27 I. Schu¨rrer, E. Schachinger, and J. P. Carbotte, Physica C
303, 287 (1998).
28 J. P. Carbotte, E. Schachinger, and J. Hwang, Phys. Rev.
B 71, 054506 (2005).
29 J. P. Carbotte, Rev. Mod. Phys. 62, 1027 (1990).
30 E. Schachinger and J. P. Carbotte, in Models and Methods
of High-Tc Superconductivity: Some frontal aspects, Vol.2,
edited by J. K. Srivastava and S. M. Rao (Nova Science
Publishers, Inc., Hauppauge NY, 2003), vol. 242 of Hori-
zons in World Physics, ISBN 1-59033-667-4.
31 F. Marsiglio, M. Schossmann, and J. P. Carbotte, Phys.
Rev. B 37, 4965 (1988).
32 F. Marsiglio and J. P. Carbotte, Aust. J. Phys. 50, 1011
(1997).
